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A Mindlin Shell Element That Satisfies Rigid-Body Requirements

J. S. Hansen™ and G. R. Hepplert

University of Toronto, Ontario, Canada

Strain-displacement relations of the Mindlin type derived in shell coordinates for a general shell of arbitrary
thickness and geometry are employed in the development of a finite element that can reproduce all rigid-body
motions exactly. An approach to deriving basis functions which satisfies these requirements is presented and, as
specific examples, basis functions for a circular cylinder, a circular cone, and a sphere segment are developed
along with an exact means of numerical integration. The derived basis functions satisfy all completeness and
compatibility requirements. The resulting finite element is compared to previous formulations in a number of
different circular cylinder test cases and is shown to possess good accuracy and convergence properties.

Introduaction

N order to achieve monotonic convergence of a finite

element formulation the trial functions should be complete
and compatible. Completeness requires at least that the
element be able to represent rigid-body displacements and
constant strain states, while compatibility requires that the
displacements within the element and across element bound-
aries be sufficiently continuous. Although it is well known
that employing isoparametrically transformed elements to
represent a shell geometry yields a formulation which
automatically allows satisfaction of these requirements, there
are instances where these approximate representations of the
surface are unacceptable. For example, where nonlinear
geometric effects are to be included and buckling is a
potential problem, accurate geometric representation is
important, since initial geometric imperfections have a drastic
effect on buckling behavior. In the case of a general shell
element formulated in shell coordinates, meeting the com-
patibility requirements is straightforward; however, satisfying
the completeness requirements does pose difficulties.

With regard to completeness, the element must be capable
of reproducing an incremental rigid-body motion without
inducing . a corresponding increment in strain energy. In a
general shell element this means that it must be able to ex-
perience any combination of the six Cartesian translations
and rotations without any strain occurring in the element. The
ability of elements formulated in shell coordinates to
reproduce a general rigid-body motion is a problem to which a
good deal of interest''" has been paid and a variety of
solutions proposed. The basic problem encountered is that the
relationship between displacements in shell coordinates and
the rigid-body displacements involves trigonometric func-
tions.!” When the element displacement representation is
given in terms of polynomials, it is impossible to reproduce all
rigid-body modes exactly although they may be recovered for
practical purposes in the limit as the element becomes very
small. : This results from the match of the Taylor series
representation of the rigid-body motions and the
corresponding trial functions. However, when a sufficient
number. of curved elements are employed to achieve this
degree of approximation, it is often equally practical to
employ flat facets to model the shell.!

Implicit addition of the rigid-body capability has been
attempted for a four-node, thin, shallow circular cylinder
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element! and has produced an element formulation which is
more complicated than would be found if pure polynomial
trial functions were employed. The added complexity is offset
by the fact that the resulting stiffness matrix has six zero
eigenvalues as required for satisfaction of the general rigid-
body motion requirements, and no nodal forces are intro-
duced under a prescribed rigid-body motion. In the numerical
examples presented the accuracy and convergence are quite
good, but other applications of this element'® show much
poorer ‘accuracy. Upon examining these trial functions it is
found that the normal displacement “‘w’’ trial function
neglects ‘a number of low order terms and, thus, the trial
functions are based on incomplete polynomials., For
example, there is no constant term in the expression for the
normal displacement and consequently a free-free cylinder
subjected to a uniform pressure state cannot be modeled
exactly. In addition, the trial function for the axial
displacement ‘‘u’’ has effectively two constant terms which,
in general, will not be independent.

Explicit addition- of rigid-body motions to shell element
stiffness matrices has been used?%%7 with interesting results.
When the technique is applied to the circular cylinder
element®® that was modified implicitly in Ref. 1, the con-
vergence rate for the pinch test problem increased and ac-
curacy improved. Similarly, when the more general for-
mulation?®” is applied to a circular cylinder good accuracy and
convergence are exhibited in both the pinch and shell roof
tests. However, when the explicit addition technique is ap-
plied to shells with double curvature (a sphere and a hyper-
boloid of revolution) the accuracy and convergence properties
degenerated markedly compared to the cases where no rigid-
body augmentation was used. The tests were: a sphere under
uniform internal pressure, a spherical equivalent of the
cylinder pinch test, and a hyperboloid cooling tower subjected
to its own dead-weight loading. In all of these cases the results
are very poor with rigid-body augmentation being applied and
are excellent to fair without the augmentation. Fonder et al.*’
attribute this disparity of success between the cylinder cases
and the general shell cases to the presence of nonzero
Gaussian curvature in the sphere and hyperboloid geometries.
It is also revealed that a posteriori addition of rigid-body
modes renders the elements incompatible along the curved
boundaries of an element. While in a practical sense the
degree to which rigid-body motions must be represented
depends on the problem under consideration, there are many
problems where complete representation is essential.'!"'* Thus
in the remainder of the paper the development of a finite
element which satisfies all completeness and compatibility
requirements will be outlined. This is followed by a discussion
of results obtained with the present element and comparisons
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with other element formulations. The paper concludes with a
summary of observations and conclusions.

Element Formulation

The use of Mindlin plate theory'* in finite-element for-
mulations for plates and shells is well established and has been
shown to give good results’>?? for moderately thick config-
urations. This approach has the advantage that independent
displacement and rotation trial functions may be used and
that these functions need only be C? continuous.

In order to treat moderately thick plates or shells it is
necessary to include the transverse shear stresses 7, and 7, in
the strain energy, while the normal stress o¢_, is considered to
be negligible.'* It has been shown?*2¢ that, when the effect of
transverse shear is included in a plate analysis, the normal
deflection and rotation measure that is most convenient to use
is'a weighted average of the normal deflection over the
thickness of the plate and a pair of rotation variables that are
“‘equivalent to but not identical with the components of the
‘change of slope of the normal to the undeformed middle
surface.”’?? This is because it is necessary to allow the normal
displacement and rotations to vary through the thickness
when transverse shears are present®?’ and the weighted
average interpretation allows this dependence to be included
implicitly. With this in mind, the displacements are
_represented in the form

u=1u(xy) +zv, (%) 4y
v=0(x) +2¢, (X)) 2)
w=w(x,y) 3

where for # and ¢ the overbar indicates a displacement at the
midsurface and, as indicated above, w, y,, and , are the
measures of normal displacement and rotation. )

The element is formulated for the analysis of plates and
shells of small to medium thickness and is based on the use of
shell coordinates. Thus, an accurate geometric representation
is achieved which overcomes the difficulties that ap-
proximations to the geometry can produce.?® Correspon-
dingly, the following linearized strain-displacement relations
will be utilized.?*3¢
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where (x,y,z) are orthogonal curvilinear coordinates on the
surface of the shell u,v the tangential displacements in the x
and y directions, respectively, w the normal displacement, and
« and B are the Lamé coefficients.

In order that the present results not be restricted to thin,
shallow shells, the factors 1/« and 1/8 are expanded in
binomial series truncated to terms of ©(z?). The strain-
displacement relations then take the form?3!

2
e=[By+2B,+2B,)1= Y, Bz'd ©)

i=0

whered= (4, 0, w, ¥, ¥,17.
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For the present formulation, the stress-strain relation
corresponding to a linear-elastic, homogeneous, isotropic
material is given by ¢=[D]e where the constitutive relation
[D] is derived from the general three-dimensional relation by
assuming o, =0 and contains corrections to the transverse
shear terms as described by Mindlin. '

Incorporating the strain-displacment and constitutive
relations in the strain-energy functional yields

U:é S dT[ ‘;0 B,«z’JT[D] [; B_,-zf]ddV (10)

where, for a general shell, dV=aBdxdydz.

The displacments &, o, w, ¥,, and ¢, are represented in the
usual manner by employing a suitable set of basis functions
N, such that

t= Y N (1)
i=1

where { is some general shell degree of freedom. When
evaluating the stiffness matrix derived from Eq. (10), exact
integration through the thickness is utilized where the terms of
0(z%) and greater in the integrand are neglected.

Basis Functions

As mentioned earlier, the trial functions are required to
satisfy the rigid-body motion requirements of the shell
element. The kinematic relations between the shell coordinate
degrees of freedom and the six possible rigid-body degrees of
freedom, referenced to some convenient Cartesian frame, in
general can be expressed by

d=T(x,y)6 (12)

where d is the vector of shell displacements, in this case (i, v,
w, Y., ¥,), and é is the vector of rigid-body translations and
rotations. The three rigid-body translations are designed by
(0, 8,, 6.) and are parallel to the X, Y, and Z axes of the
reference Cartesian frame, respectively. The three rotations
are about the X, Y, and Z axes and are represented by (8., 0,,
0.). The transformation 7 is generally a function of the shell
coordinates (x, y).

8, 8

Fig. 1 Circular cylinder shell segment and implicit rigid-body
element.
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Again considering some general shell degree of freedom, ¢,
it is assumed that the trial function may be cast in the form

m

t= Y, Y 6GHEHH () (13)
i=1

i=1

where {; is the value of { at the ijth of m x nnodes and G, (£),
H;(n) are basis functions which are to be determined. In
doing so, attention is being restricted to rectangular elements
where curvilinear coordinates (¢, n) coincide with lines of
principal curvature. The intent is that G; (&), H;(n) will be
basis functions of a form analogous to the form Lagrangian
basis functions take.

The kinematic relationship (12) will act as a constraint on
the form that the basis functions will take. That is, in order to
determine the minimum requirement for G,;({), H; () it is
imposed that these functions must be capable of reproducing
rigid-body motions exactly when required to do so. Then the
form of G, (%) may be determined by substituting Eq. (13)
into Eq. (12) and setting # =7, = const and the form of H, ()
may be determined by setting £=£,=const. The procedure
will now be demonstrated for the case of a circular cylindrical
shell.

Consider the shell segment illustrated in Fig. 1 which
exhibits six rigid-body degrees of freedom. The kinematic
relationship between the rigid-body degrees of freedom and
the shell degrees of freedom is given by

a1l 0 0 0 Rsind Rcosd | =
v 0 sinf  cos® —R xcosf  xsind B'V
w | =0 —cosf sind 0 —xsinf xcosf ’
¥, 0 0 0 0 sinb cosh g
Lv, | |0 o 0 -1 0 o | O
L 9: -
(14)

Since (x, ) are orthogonal coordinates, these may be con-
sidered to take the roles of (£, ) in Eq. (13). [t is noted that a
trial function corresponding to a 3 x 3 network of nodes has
been taken for each element. This represents the minimum
requirement for H; (0) (as will be seen) and a similar choice
has been made in the x coordinate for purposes of symmetry.
Employing the trial function form for # [Eq. (13)] in Eq. (14)
yields

uy; G (x)H; (0) =6, + R (sinf) @, + R (cost)8,

ML..
‘M'w

!

It
i

I =1

(15)
Now at the nodal points along an x = x; = const meridian
u; =06,+RS,0,+RC,0,
i =08,+RS,0,+RC,0,
u;;=6,+RS;0,+RC;0, (16)

and similarly for i,,, i1,,, u,; corresponding to x=x, and
Uy, Usy, Us; corresponding to x=x; where S;, C; are sine and
cosine evaluated at a node corresponding to ;. Substituting
for u,,, u,, #;; from Eq. (16) into Eq. (15), and then
equating the coefficient of 8,, 8, 0, to zero yields

1 11 HR 1
S, S, S, HY | = | sinf (7
c, G ¢ )| HY cost
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From this expression it follows immediately that the simplest
basis functions which satisfy rigid-body motion requirements
HY, HE, HF must be functions of I, sinf, cosé and this func-
tional dependence can be determined by inverting the matrix
on the left-hand side of Eq. (17). Doing so yields

(S5 —8)(C;=C3) = (Cy—=C,) (S, —53)

HY(6) =
(S, =8 (C,—C3) —(C, —C,) (5, —S3)

(S5—83) (C3—~C;) —(Cy~C3)(S;—5;)
(SZ—Sj)(C3—C1)—(C2—C3)(S3—S,)

HE(0) =

(S;—=S)(C,—C,) = (Cy—C)) (S, -5;)
HE(8) = 18
0 = 8, T8 (6,6 =G =C)) (8, =5, 1B

which are more concisely expressed as

sin(8—0,) ~sin(@—0;) +sin(@, — 8;)
sin(0; —8,) —sin(@, —0;) +sin(f, —0;) -

Hf(0) =

sin(f—8;) —sin(0—6,) +sin(d; —9,)

HE(0) =
2(0) sin(#, —0;) —sin(f, —0,) +sin(0; —8;)

sin(0—0,) —sin(0—0;) +sin(f, —0,)

Hf(0) = = - ‘ (18Db)
’ sin(f; ~6,) —sin(f; —8,) +sin(d, —0,)
1.0
H1
0 J
0 08 5 —10
1Oy
HZ
0 |
0 05 9 10
1or
H, |
O 1
9) 05 10
¥ig. 2 Trigonometric basis functions.
Cubic Lagrange
Element
+ —_—
Augmented Cubic
Lagrange Element
_— difference from ideal
+ . accentuated for clarity
Implicit Rigid Body
Element
+ e

Fig. 3 Prescribed (ranslation results,
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Augmented Cubic
Lagrange Element
Results

Exact Solution

_«— Cubic Lagrange and
Implicit Rigid Body
Element

®—@
s T o

Fig. 4 Uniform pressure test results.

These functions have the general characteristics of finite
element polynomial-based trial functions in that they have
value unity at the node to which the trial function corresponds
and value zero at all other nodes. It is also noted that these
same basis functions could have been developed by observing
that the right-hand side of Eq. (17) is dependent only on (1,
sinf, cos@®) and, thus, HX() need depend only on these
functions.

Proceeding in a similar marmer for v, w, ¥, ¥, produces
identical results for o while Hf(O) corresponding to w, ¥,
need only be functions of sind, cosf, while those
corresponding to ¥, need only be constant. Thus the simplest
choice for H;(8), which is valid for all degrees of freedom,
corresponds to that of Eq. (18) with

H;(0) =HE®) 19

These basis functions are plotted in Fig. 2. Although the
curves obtained from these basis functions are different from
those which would be obtained from a set of Lagrangian
quadratic basis functions over the same interval, the dif-
ference is so small as to be indiscernible in these figures.

The extension to elements for a higher number of nodes in
the circumferential direction which are required to be func-
tions of (1, sinf, cosf) follows readily and requires an odd
number of nodes greater than three, that is, 5, 7, 9,...,
corresponding to the basic functional forms involving (1, sind,
cosf, sin28, cos28), etc. The second-order (denoted by the
superscript 2) trial functions for a five-node case are:
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polynomials as the basis functions. Denoting these by
G;(x) =L,;(x), the basis functions for the circular cylinder
shell element, shown in Fig. 1, are

N;=L,(x)H,(6); N,=L,(x)H,(0); N;=L,(x)H;(6)
Ny=L,(x)H;(0); Ns=L;(x)H;(0); Ng=L;(x)H,(0)
N,=L;(x)H,;(0); Ng=L,(x)H,;(8); No=L,(x)H,(0)

@

Here it should be noted that these basis functions also satisfy
the rigid-body motion requirements of a conical shell segment
as given by Dawe* and by replacing L; (x) by H;(x), with a
suitable redefinition of x, the resulting basis functions will
satisfy the rigid-body requirements of a segment of a sphere.
Also, this approach to deriving basis functions may be used
for other shell configurations which may be arithmetically
more difficult to treat than the example given here but not
conceptually more difficult. Furthermore, they satisfy the
requirements of completeness by implicitly allowing strain-
free rigid-body motions and they can reproduce constant
strain states. There is continuity of the element degrees of
freedom across element boundaries thus satisfying the
conforming or compatibility condition.??

Numerical Integration

Three-point Gaussian quadrature will be able to integrate
the Lagrangian function portion of the strain energy exactly;
however, using any order of Gaussian quadrature on the trig-
onometric basis functions effectively replaces the trig-
onometric functions, which are essential to the rigid-body
motion capability, with polynomials. Consequently, the rigid-
body representation would be destroyed if Gaussian
quadrature were used. The problem is easily resolved.

In the strain energy expression there will be functions of the
form

T'(0) =C,+ C,sinf+ C,cosd + C;sin’

+ C,sinflcosf + C;cos?6 22)

[sin(@—6,) —sin(@—8; ) + sin(f, —6; ) ){sin(6 —6,) —sin(d —8;) +sin(f, —65)]

H =

[sin(@, —6,) —sin(0, —8;) +sin(d, —0;)][sin(8, —0,) —sin(d, —05) +sin(f, —65) ]

[sin(@—03) —sin(0—0,) +sin(f; —0,)][sin(@—0s) —sin(@—0,) +sin(@; —6,) 1

[sin(@, —0;) —sin(d, —0,) +sin(@; —0,)][sin(d, —85) —sin(d, —0,) +sin(@d; —6,)1

[sin(6—08,) —sin(@—085) +sin(d, —05)1[sin(@—6,) —sin(@—0,) +sin(@, —0,)}]

l=
[sin(f; —0,) —sin(0; —85) +sin(f, —05)[sin(f; — 8, ) —sin(@; —6,) +sin(@; —6,)]

[sin(@—05) —sin(8—0,) +sin(@; — 8, ) 1[sin(0 —0,) —sin(6—6;) +sin(d, — ;)]

= .
[sin(0, —05) ~sin(0,—0,) +sin(@s — 0, ) [sin(0, —0,) —sin(@, — 03 ) +sin(f, —0;) |

[sin(@—0,) —sin(6—0,) +sin(@, —6,)][sin(0—6;) —sin (6 —8,) +sin(d; —0,) ]

5 =
[sin(@s —6,) —sin(fs —6,) +sin(f, —8,)][sin(@s — 03) —sin(fs —8,) +sin(6; —6,) ]

The ease with which these basis functions may be extended to
higher order is evident.

If the same avenue of approach is taken for constant
generators, it is found that G;(x) need only be linear and,
thus, it is more than adequate to adopt quadratic Lagrange

20

which may be expressed as
I'(0) =d, +d,sinf+d,cosf+d;sin20 + d ,cos20 (23)

with suitable definitions for d;, i=0, 4 (M=4). Note that
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T- Augmented Cubic Lagrange Eiement (3xlI)
o- Cubic Lagrange Element {3x!)
O- Rigid Body Element (8x!)
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|£

04 Thick Test

E = 150x10®
v=025
a=60x1078° !
L= 300

R= 100

h=10

3

max

02

Fig. 5 Thermal test geometries and radial dis-
placement results.

Thin Test

E = 15.0x108

V=025

a=60x10€° -

L= 300

R =100

h= 0l

'
|
! /
| IS A mme e Axial Stress {Exact)
f é . [} Axial Stress (Lagrange )
A

Axial Stress ( Rigid Body)

Stress /(Theoretical Maximum)

i
_,* 4’ Hoop Stress {Exact)
™ - o Hoop Stress {Legrange)
“'\ & v v Hoop Stress (Rigid Body)
o] . I . ! . I " | . )
0] ol 02 03 04 05
X/L

Fig. 6 Stresses at the outer surface for the cylinders with linearly
varying temperature through the thickness.

I’(#) has a period of 27 and may be uniquely defined if it is
known at (M + 1) points.

Therefore, it may be represented by a discrete Fourier series
of the form

i k
T(0) =5 a5+ Y (a;cos60+ bsinj6) (24)
j=1
M
4= P I'(0,)cos/b, (25)
2 M
bj:m aZ::OI‘(Gu)st@u (26)

where 8, =2nra/M+1, k="M, and in this case M =4.

Upon expanding Egs. (25) and (26) and substituting the
results into Eq. (24) a new form for I'(§) may be found
which, after collecting coefficients of ['(6,), is expressible as

M 2 .
r(0) = th,'(e)r(oj), 0, = M’Zl @7

i=

It follows immediately that

« M
Sb r(9)do= Y T8, (28)

Jj=0

where

1 K12
m:m{b—ﬁ ; [;cos(iGJ»)[sin(ib)—sin(ia)]

- % sin (16, ) [cos(ib) —cos(ia)]]} (29)

Thus, h; are weighting coefficients which depend only on the
interval over which I'(6) is integrated and the 6§, are points,
not necessarily within the interval of integration, at which T’
must be evaluated. For the developed basis function this
integration method is exact and requires little additional
computational effort as compared to a Gaussian scheme.
Thus, the stiffness matrix may be integrated exactly by a five-
point integration scheme in the circumferential direction
coupled with a three-point Gaussian scheme in the axial
direction. An analogous lower order scheme is readily deriv-
able for the consistent force vector calculations involving
distributed line and surface loads where M=2 and k=1.

Numerical Tests and Results

Five tests were employed to assess the above element. They
were the pinch test, an open shell segment roof test, a uniform
pressure test on a free-free cylinder, an axisymmetric radially
varying temperature distribution, and a prescribed rigid-body
translation. The units employed in these examples may be
interpreted to be from any self-consistent system of units.
Each of these tests shall be discussed in turn and comparisons
are made to a cubic Lagrange element based on the same
constitutive and strain-displacement relations and a cubic
Lagrange element which has been augmented a posteriori in
the manner of Cantin? to provide the correct rigid-body
modes.

A cubic Lagrange element was chosen for comparison
purposes because results from other studies suggest it to be a
good choice for shell problems®®3* with regard to its ability to
handle rigid-body motions.

The present formulation results in an element with the
requisite six zero eigenvalues corresponding to the six rigid-
body modes, while the cubic Lagrange element possesses only
two zero eigenvalues although its augmented version has the
requisite six zero eigenvalues.

Prescribed Translation

For this test a single element encompassing an arc of /2
rad was given a prescribed displacement along a single
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generator in the direction of the =0 radius and the
corresponding displacments of the remaining nodes were
determined. The results are illustrated in Fig. 3 where only
one axial station is shown as there was no axial variation in
any of the models.

In these results it is evident that the Lagrange element
cannot reproduce the required rigid-body motion in any
respect and although the nodal displacements in the
augmented Lagrange element are correct the rest of the
element has deformed as illustrated. In the case of the rigid-
body element, all points are translated correctly making this
the only model which is strain-free everywhere, after trans-
lation.

Uniform Pressure Test

A uniform normal pressure was applied to a single element
of each formulation as illustrated in Fig. 4 with the results
shown. Both the Lagrange cubic and the present element
produced uniform displacements with negligible error, while
the augmented Lagrange element failed to even obtain the
correct trend. An analogous result to this is reported by
Fonder and Clough?® for a uniformty pressurized sphere.

Thermal Test

Both thick and thin shell geometries were chosen for this
test which consists of a linear temperature distribution
through the thickness of the shell, as shown in Fig. 5 where
the computed radial displacement is compared to the exact
solution,* with both the numerical and theoretical results
being normalized with respect to the theoretical maximum
displacement. For both cases the agreement between the
computed and exact solutions is excellent for the Lagrangian
clement and the present element. Although the results for the
augmented element look equally good in Fig. 5 there is a
secondary problem, in that the augmented element shows
variations in the results in the circumferential direction and
hence does not reproduce the axisymmetric nature of th
solution. :

The computed axial and tangential stresses for the present
formulation and the Lagrangian element are compared to the
exact values* in Fig. 6 where both the numerical and
theoretical results are normalized with respect to the
theoretical maximum stress in each case. In both shell
geometries the tangential stress component is computed to
within 2% of the exact solution at all points and the axial
stress is computed to within 5% . The lower accuracy achieved
in the axial stress case is consistent with the results achieved
for Lagrange basis functions and is due to the inability of
either type of basis function to match the decaying sinusoidal
form of the exact solution adequately. Note that the areas of
most rapid change of the displacement or stress gradients do
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not coincide so that modeling to achieve accuracy in one does
not mean accuracy in the others.

Pinch Test

The test geomery along with the test results are illustrated in
Fig. 7. For this very demanding test the augmented Lagrange
element converges to a value of w= —0.1114 as do the other
two formulations but it is evident that the augmented element
converges most rapidly. The difference between this value and
the previously obtained value? of —0.1139 may result from
the present Mindlin vs classical thin shell formulation.

The cubic Lagrange element converges almost as quickly as
the augmented version; and the present element, which im-
plicitly possesses the ability to reproduce rigid-body motions,
converges most slowly. While this test is very difficult, it
would appear from the present results that the difficulty of
the problem does not arise so much from the absence or
presence of rigid-body mode capability in the element—as
advocated in Ref. 34—but from other causes such as large
stress or displacement gradients.

Shell Roof Test

A deep, thin shell segment is supported at its two ends by
rigid-diaphragm supports, while the longitudinal edges are
free to move under the gravitational self weight loading.

This problem has been treated extensively by other
authors®*% and constitutes a standard test for shell elements.
The geometry is given in Fig. 8 along with the results for the
axial displacement at the diaphragm and the net vertical
displacement around the midspan meridian. The exact
solution is due to Scordelis and Lo3® as reported in Refs. 37
and 38. While the 3 X3 mesh of rigid-body elements is out-
performed by the 2x2 mesh of Lagrange bicubic elements
there is satisfactory convergence illustrated in the refinement
to a 4 X 6 mesh. The results for this finer mesh are superior to
those reported in Refs. 37 and 38 for a 4 X6 mesh of fully
integrated parabolic serendipity elements and are comparable
to those reported in Refs. 39 and 40.

The axial stress resultant N, and the moment resultants M,
and M, are reported in Fig. 9 where agreement is shown to be
very good for N, and M, but is less satisfactory for the M,
resultant where the moment resultant value is seen to be
almost constant over an element. This phenomenon has its
origins in several aspects of the problem. First, the choice of
v=0 has uncoupled the axial strain contribution from the
calculation of ¢, so that ¢, depends solely on ¢, and, in turn,
M, depends solely on the first-order curvature term in the
strain-displacement relation for €,. Also, since the shell is
relatively thin (R/A=100) the rotational degree of freedom
¥, satisfies the Kirchhoff condition almost exactly. Under

Number of Degrees of Freedom

T

Rigid Body Element
2x3/

1xN 2xN

-004+
Wmax
Cubic 245
- L Lagrange
008 12

Augmented

Cubic Laglliln“geLA

0 100 200 300 400
T T T

500 600
T

_Pinch Test
E = 105x108
v= 03125
L =1035
R= 4953

h = 0094

P = 100

Fig. 7 Pinch test geometry and results.
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Fig. 8a Shell roof test: Axial displacement at a diaphragm.
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Fig. 8b Shell roof test: Vertical displacement at the midspan.

these circumstances the trigonometric parts of the basis
functions can be shown to combine in a manner which allows
only a constant value of the first-order curvature term in the
strain-displacement relation for ¢,, and hence only a constant
value for M,. The degree of constancy exhibited by M, over
an element is a measure of the thinness of the shell. In a thin
shell formulation of the same problem using the present basis
functions it would be the case that M, =const.

It may be noted that upon refinement of the mesh, the
values of M, on an element do converge to the correct value
and that the problem of M, = const is also exhibited by fully
integrated polynomial trial functions.?® This relieved by the
use of reduced integration techmiques which are not ac-
ceptable in the present formulation.

Discussion

Of the three formulations investigated, the present element
is the only one which gives satisfactory results for each test.

The failure of the Lagrange element to meet the prescribed
translation test requirements is not surprising and is directly
attributable to the use of polynomial trial functions which
cannot reproduce rigid-body motions of this type.

Although the nodal points of the augmented Lagrange
element satisfy the prescribed rigid-body motion, other points
on the element will not, due to the polynomial trial functions
which are employed. Thus there will be nonzero strains
present.

The origin of the problems for the augmented Lagrange
element in the uniform pressure and the thermal tests is
unclear but it may have to do with the following. In the
original development of this procedure? and its more general
form? it is required that the product of the applied kinematic
transformation 7 and the applied force vector F be such that
T’ TF=90. In the case of the two tests in question, where F is
fully populated, this assumption is not satisfied and 77 7F=0.
In addition, Przemieniecki*!' in a parallel procedure shows
that T 7F does not generally equal zero. Furthermore, the
solution for the deformations induced by an axisymmetric
load in the augmented Lagrange element is incorrect although
it is consistent with that anticipated in the pinch test. This may
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Fig. 9b  Shell roof test: Moment resultants.

provide, in part, the reason for this element’s success in the
pinch test in spite of the above difficulties. Another point of
interest is that 7’ 7F is very nearly zero in the pinch test but
this appears to be happenstance.

The present element not only provides accurate displace-
ments but, with one exception as noted above, does equally
well in estimating the stresses present in the model. Since this
one exception is of explicable origin and there are redeeming
convergence characteristics, it is felt that in cases where the
satisfaction of rigid-body motion requirements is necessary
this is a small shortcoming which should not detract from the
use of this element.

Conclusions

The element development herein implicitly possesses the
capability to reproduce the six required rigid-body motions,
can produce constant strain states, satisfies compatibility re-
quirements by allowing the element degrees of freedom to be
continuous across element boundaries, while it displays
competitive economy, accuracy, and convergence charac-
teristics.
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